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$y’(x)=f(x, y(x),$ $z(x))$ , $y(x_{0})=y_{0}$
$z(x)= \int_{x_{0}}^{x}g(x, s, y(s))ds$ , $(x\in X=[x_{0}, x\tau])$
(1)
, , , ( [1], [2]).
$y\in \mathbb{R}^{d_{1}},$ $z\in \mathbb{R}^{d_{2}},$ $f:X\mathrm{x}\mathbb{R}^{d_{1}}\mathrm{x}\mathbb{R}^{d_{2}}arrow \mathbb{R}^{\mathrm{d}_{1}},$ $g:X\mathrm{x}X\mathrm{x}\mathbb{R}^{d_{1}}arrow \mathbb{R}^{d_{2}}$ VIDE
. $d_{1},$ $d_{2}$ , $d_{1}=1,$ $d_{2}=1$
. .
VIDE 2 . 1 DE Volterra
Volterra , 1 (ODE) VIDE
. .
RK (Runge-Kutta) DE . $\mathrm{R}\mathrm{K}$ ,
Pouzet (1960) Lubich (1982, [7]) Vermiglio (1988, [8]) ,
ODE-RK , Lubich (1982, [7]) ODE-RK
partitioned , VIDE $\mathrm{R}\mathrm{K}$
$y_{n+1}=y_{n}+h \sum_{i=1}^{r}\mu_{*}.k:$ ,
$k_{i}=f(x_{n}+ \mathfrak{g}., y_{n}+h\sum a:\mathrm{j}k_{j}, z_{\dot{l}}+B_{n}(c_{i}))r$ , $(i=1,2, \ldots,r)$ ,
$\{$
$j=1$
$z_{i}=h$ \Sigma \sim g(xn+d h, $x_{n}+cjh,$ $y_{n}+h \sum \mathrm{r}$ a $k_{j}$ )
$j=1$ $j=1$
$\{\mu:\},$ $\{a_{ij}\},$ { $b_{ij\}},$ $\{\alpha.\},$ $\{d_{\dot{\mathrm{t}}j}\}$ , . $B_{n}(ci)$
$B$ (xn h) $= \int_{x}$”g(xn+ h, $s,y(s)$ ) $ds$
, [7] , 2 2 3 3 , Bn( )
. ,
.
, ODE-RK VIDE .
(1) $z(x)$ .
, ODE-RK $y_{n}$ $y_{n+1}$ , $y_{0},y_{1},$ $\ldots,$ $y_{n}$
$z(x_{n}+ch)=A(x_{n}+ch)+B(x_{n}+ch)$ , $(A(x)= \int_{x_{n}}^{l}g(x, s, y(s))ds,$ $B(x)= \int_{x_{0}}^{x_{n}}g(x, s, y(s))ds)$ (2)
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,, $A(x)$ $g(x_{n}+ch, s, y(s))$ . $B(x)$
Newton-Cotes ( A ). $B(x)$




. , Baker (1979, [3]) Vermiglio (1988,
[8] $)$ . Vermiglio[8] .
2VIDE-Runge-Kutta
2.1
VIDE (1) $z(x)$ , VIDE (1) ODE
. , ODE $y’=f(x, y),$ $y(x\mathrm{o})=y\circ$ $(r$









$k_{1}=f(x_{n}, y_{n}, z(x_{n}))$ ,
$k_{i}=f$ (xn+ h, $y_{n}+h \sum_{j=1}^{i-1}$ aijkj, $z(x_{n}+c_{i}h)$ ), $(i=2,3, \ldots, r)$
. $y_{0},$ $y_{1},$
$\ldots,$ $y_{n}$ z(xn h) .
, $s$ ODE-RK VIDE $\mathrm{R}K$ $s$ , $z(x_{n}+c_{t}h)$
$O(h^{\epsilon})$ .
2.2
, (2) $A(x),$ $B(x)$ . z\Leftarrow n h)
, VIDE $\mathrm{R}\mathrm{K}$ .
221A(oe, h)
A(xn h) , , $y_{n-k}(k=0,1, \ldots,p)$
g(xn c.$\cdot$h, $Xn-k,$ $y_{n-k}$ ) $(k=0,1, \ldots,p)$ , $p$ Lagurange
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9 . , $A(x_{n}+c_{i}h)$
$A_{n}(c_{i})$ $=h \sum_{k=0}^{p}a_{k}(c_{i})$ g(x cih, $x_{n-k},$ $y_{n-k}$ ),
$(a_{k}(c)= \int_{0}^{\mathrm{c}}\prod_{j\overline{\neq}k}^{p}\mathrm{j}-0\frac{j+s}{j-k}ds,$
$(0\leq k\leq p))$ (4)
. $A(x_{n}+c_{i}h)-A_{n}(c_{i})=O(h^{p+2})$ .
222B(xn h)
B(xn h) ($y_{n},$ $y_{n-1},$ $\ldots,$ $y_{0}$ ) Newton-Cotes
$B_{n}(c_{t})=h \sum_{k=0}^{n}w_{k}^{m}g(x_{n}+\mathrm{q}.h, x_{k}, y_{k})$ (5)
( A ). $\{w_{k}^{m}\}$ .
$(\mathrm{i})$ $m+1$ $w_{k}^{m},$ $w_{n-k}^{m}(k=0,1, \ldots, m)$ $n$ .
(\"u) $k=0,1,$ $\ldots,$ $m$ $w_{k}^{m}=w_{n-k}^{m}$ , $k=m+1,$ $m+2,$ $\ldots$ , n-m-l $w_{k}^{m}=1$ .
(\"ui) $n$ .
$m$ , $B(x_{n}+c:h)-B_{n}(c_{t})=O(h^{m+2})$ .
223VIDLRK
2 $z(x_{n}+c_{i}h)$ , VIDE (1) ODE-RK .
$\{$
$y_{n+1}=y_{n}+h \sum_{i=1}^{r}\mu:k:$ ,
$k_{1}=f(x_{n}, y_{n}, z_{n}(c_{1}))$ ,
$k_{\dot{l}}=f(x_{n}+ \alpha.h,y_{n}+h\sum_{j=1}^{\dot{l}-1}a_{\dot{l}\mathrm{j}}k_{j}, z_{\mathfrak{n}}(c_{t}))$,
$z_{n}(c_{\dot{*}})=A_{n}(c_{i})+B_{n}(c_{i})$ , $\{B_{n}(\mathfrak{g}.)=h\sum_{k=0}^{n}w_{k}^{m}g.(x_{n}+c_{i}h,.x_{k},y\kappa)A_{n}(c_{t})=h\Sigma a_{k}(\mathfrak{g})g(x_{n}+\mathrm{q}h,x_{n-k},y_{n-k})k=0\mathrm{p}$
(6)
($r$ ODE-RK (3) ) $r$ VIDE-RK . ,
.
1ODE-RK (3) $\dot{\mathrm{a}}$ $s(>1)$ , $\min(p, m)\geq s-2$ , VIDE-RK (6)
$s$ . 1
2.3
, ODE Euler , Heun , Ralston , Runge-Kutta VDE-RK
.
$1\Leftrightarrow 1\text{ }$ VIDE-RK $\text{ }$:(Eule$\mathrm{r}$ ffi, $p=\phi,m=0$)
$\{$
$y_{n+1}=y_{n}+hk_{1}$ , $k_{1}=f(x_{n},y_{\mathfrak{n}},z_{n}(0))$ ,
$z_{n}(0)=A_{n}(0)+B_{n}(0),$ $A_{n}(0)=0,$ $B_{n}(0)=T_{n}(g;0)$




$k_{1}=f(x_{n}, y_{n}, z_{n}(0))$ , $z_{n}(0)=A_{n}(0)+B_{n}(0)$ ,
$k_{2}=f(x_{n}+h, y_{n}+hk_{1}, z_{n}(1))$ , $z_{n}(1)=A_{n}(1)+B_{n}(1)$ ,




$\text{ }$ VIDE-RK $\text{ }$ : (Ralston $\text{ },p=2,m=2$ )
$y_{n+1}=y_{n}+ \frac{h}{9}(2k_{1}+3k_{2}+4k_{3})$ ,
$k_{1}=f(x_{n}, y_{n}, z_{n}(0))$ , $z_{n}(0)=A_{n}(0)+B_{n}(0),$ $A_{n}(0)=0$
$k_{3}k_{2}=f(x_{n}+h,y_{n}+ \frac{\frac{1}{23}}{4}hk_{2},z_{n}())=f(x_{n}+\frac{1}{4\frac 32}h,y_{n}+hk_{1},z_{n}(\frac{1}{\frac 3,42})),$
’




$+h(\mu_{2}^{2}g(x_{n}+ch, x_{n-2}, y_{n-2})+\mu_{1}^{2}g(x_{n}+ch, x_{n-1},y_{n-1})+\mu_{0}^{2}g(x_{n}+ch,x_{n},y_{n}))$
4 4
$\{$
VIDE-RK : ( $\mathrm{R}\mathrm{K}$ , $p=2,m=2$)
$y_{n+1}=y_{n}+ \frac{h}{6}(k_{1}+2k_{2}+2k_{3}+k_{3})$ ,





$k_{4}=f(x_{n}+c_{\dot{\mathrm{a}}}h, y_{n}+ \frac{1}{2}hk_{3}, z_{n}(1))$ , $z_{n}(1)=A_{n}(1)+B_{n}(1)$ ,
$\{\begin{array}{l}A_{n}(\frac{1}{2})=\frac{h}{24}(17g(x_{n}+_{\tilde{2}}^{1}h,x_{n},y_{n})-7g(x_{n}+\frac{1}{2}h,x_{n-1},y_{n-1})+2g(x_{n}+\frac{1}{2}h,x_{n-2},y_{n-2}))A_{n}(1)=\frac{h}{24}(46g(x_{n}+\frac{1}{2}h,x_{n},y_{n})-32g(x_{n}+\frac{1}{2}h,x_{n-1},y_{n-1})+10g(x_{n}+\frac{1}{2}h,x_{n-2},y_{n-2}))B_{n}(c)=h(\mu_{0}^{2}g(x_{n}+ch,x_{0},y_{0})+\mu_{1}^{2}g(x_{n}+ch,x_{1},y_{1})+\mu_{2}^{2}g(x_{n}+ch,x_{2},y_{2})+T_{n}(g\cdot,c)+h()\end{array}$
, $T_{n}(g;c)= \frac{h}{2}g(x_{n}+ch, x_{0},y_{0})+h\sum_{k=1}^{n-1}g(x_{n}+ch, x_{k}, y_{k})+\frac{h}{2}g(x_{n}+ch, x_{n}, y_{n})$ .
$m$ , 1 ODE-RK .
, $p,$ $m$ $(p;m)$ $(1, 2)$ , $(3, 2)$ , $(1, 4)$ , $(2, 4)$ , $(3, 4)$ , Runge-
Kutta 5 4 VIDE-RK . ( 4 4 VIDE-RK
$(p=2, m=2)$ 2 ,
), $(p, m)- 4$ DE-RK .
$(1,2)$-4 ae 3 $\text{ }$ VIDE-RK a:
$\{$
$A_{n}( \frac{1}{2})=\frac{1}{8}h(5g(x_{n}+\frac{1}{2}h, x_{n}, y_{n})-g(x_{n}+\frac{1}{2}h, x_{n-1}, y_{n-1}))$
$A_{n}(1)= \frac{h}{2}(3g(x_{n}+\frac{1}{2}h, x_{n}, y_{n})-g(x_{n}+\frac{1}{2}h, x_{n-1}, y_{n-1}))$
$B_{n}(c)=h(\mu_{0}^{2}g(x_{n}+ch, x0, y_{0})+\mu_{1}^{2}g(x_{n}+ch, x_{1}, y_{1})+\mu_{2}^{2}g(x_{n}+ch,x_{2},y_{2}))+T_{n}(g;c)$
$+h(\mu_{2}^{2}g(x_{n}+ch, x_{n-2}, y_{n-2})+\mu_{1}^{2}g(x_{n}+ch, x_{n-1}, y_{n-1})+\mu_{0}^{2}g(x_{n}+ch, x_{n},y_{n}))$
$(3,2)-4$ ae 4 $\text{ }$ VIDE-RK ae :
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$\{$
$A_{n}( \frac{1}{2})=\frac{h}{384}(198g(x_{n}+\frac{1}{2}h, x_{n}, y_{n})-187g(x_{n}+\frac{1}{2}h, x_{n-1},y_{n-1})+107g(x_{n}+\frac{1}{2}h, x_{n-2}, y_{n-2})$
$-25g(x_{n}+ \frac{1}{2}h, x_{n-3}, y_{n-3}))$
$A_{n}(1)= \frac{h}{24}(55g(x_{n}+\frac{1}{2}h, x_{n},y_{n})-59g(x_{n}+\frac{1}{2}h, x_{n-1},y_{n-1})+37g(x_{n}+\frac{1}{2}h, x_{n-2}, y_{n-2})$
$-12g(x_{n}+ \frac{1}{2}h, x_{n-3}, y_{n-3}))$
$B_{n}(c)=h(\mu_{0}^{2}g(x_{n}+ch, x_{0}, y0)+\mu_{1}^{2}g(x_{n}+ch, x_{1}, y_{1})+\mu_{2}^{2}g(x_{n}+ch,x_{2}, y_{2}))+T_{n}(g;c)$
$+h(\mu_{2}^{2}g(x_{n}+ch,x_{n-2}, y_{n-2})+\mu_{1}^{2}g(x_{n}+ch,x_{n-1},y_{n-1})+\mu_{0}^{2}g(x_{n}+ch, x_{n}, y_{n}))$
$(1,4)$ \leftrightarrow 4 3 VID $\mathrm{R}\mathrm{K}$ :
$\{$
$A_{n}( \frac{1}{2})=\frac{h}{\S}(5g(x_{n}+\frac{1}{2}h, x_{n}, y_{n})-g(x_{n}+\frac{1}{2}h, x_{n-1}, y_{n-1}))$
$A_{n}(1)= \overline{2}(\mathit{3}g(x_{n}+\frac{1}{2}h, x_{n}, y_{n})-g(x_{n}+\frac{1}{2}h, x_{n-1},y_{n-1}))$
$B_{n}(c)=h(\mu_{0}^{4}g(x_{n}+ch, x0, y\mathrm{o})+\mu_{1}^{4}g(x_{n}+ch,x_{1}, y_{1})+\mu_{2}^{4}g(x_{n}+ch, x_{2},y_{2})+\mu_{3}^{4}g(x_{n}+ch, x_{3}, y\mathrm{s})$
$+\mu_{4}^{4}g(x_{n}+ch, x_{4}, y_{4}))+T_{n}(g;c)+h(\mu_{4}^{4}g(x_{n}+ch, x_{n-4}, y_{n-4})+\mu_{3}^{4}g(x_{n}+ch,x_{\mathfrak{n}-8},y_{n-3})$
$+\mu_{2}^{4}g(x_{n}+ch,x_{n-2}, y_{n-2})+\mu_{1}^{4}g(x_{n}+ch, x_{n-1}, y_{n-1})+\mu_{0}^{4}g(x_{n}+ch, x_{n}, y_{n}))$
$(2,4)$-4 4 VID $\mathrm{R}\mathrm{K}$ :
$\{$
$A_{n}( \frac{1}{2})=\frac 17g(X_{n}+h,x_{n},y_{n})-7g(x_{n}+\frac{1}{2}h,X_{n-1y_{n-1})+2g(x_{n}+\frac{1}{2}h_{X_{n-2}},y_{n-2}))}A_{n}(1)=\frac{\mathrm{t}^{4}h}{24}(46g(x_{n}+\frac{\frac 211}{2}h,x_{n},y_{n})-32g(x_{n}+\frac{1}{2}h, x_{n-1}’,y_{n-1})+10g(x_{n}+\frac{1}{2},h, x_{n-2}, y_{n-2}))$
$B_{n}(c)=h(\mu_{0}^{4}g(x_{n}+ch, x0,yo)+\mu_{1}^{4}g(x_{\mathfrak{n}}+ch,x_{1},y_{1})+\mu_{2}^{4}g(x_{n}+ch,x_{2},y_{2})+\mu_{3}^{4}g(x_{n}+ch, x\mathrm{s},y_{3})$
$+\mu_{4}^{4}g(x_{n}+ch, x_{4},y_{4}))+T_{n}(g;c)+h(\mu_{4}^{4}g(x_{n}+ch, x_{n-4},y_{n-4})+\mu_{3}^{4}g(x_{n}+ch,$ $x_{n-3},$ $y_{n-\mathrm{s})}$
$+\mu_{2}^{4}g(x_{n}+ch, x_{n-2}, y_{n-2})+\mu_{1}^{4}g(x_{n}+ch, x_{n-1}, y_{n-1})+\mu_{0}^{4}g(x_{n}+ch, x_{n}, y_{n}))$
$(3,4)$ -4 4 D $\mathrm{R}\mathrm{K}$ :
$\{$
$A_{n}( \frac{1}{2})=\frac{h}{384}(198g(x_{n}+\frac{1}{2}h, x_{n}, y_{n})-187g(x_{n}+\frac{1}{2}h, x_{n-1}, y_{n-1})+107g(x_{n}+\frac{1}{2}h, x_{n-2}, y_{n-2})$
$-25g(x_{n}+ \frac{1}{2}h, x_{n-3},y_{n-3}))$
$A_{n}(1)= \frac{h}{24}(55g(x_{n}+\frac{1}{2}h, x_{n}, y_{n})-59g(x_{n}+\frac{1}{2}h, x_{n-1}, y_{n-1})+37g(x_{n}+\frac{1}{2}h, x_{n-2}, y_{n-2})$
$-12g(x_{n}+ \frac{1}{2}h,x_{n-3}, y_{n-3}))$
$B_{n}(c)=h(\mu_{0}^{4}g(x_{n}+\mathrm{c}h, x0,y\mathrm{o})+\mu_{1}^{4}g(x_{n}+ch, x_{1}, y_{1})+\mu_{2}^{4}g(x_{n}+ch, x_{2},y_{2})+\mu_{3}^{4}g(x_{n}+ch, x\mathrm{s}, y_{\theta})$
$+\mu_{4}^{4}g(x_{n}+ch,x_{4}, y_{4}))+T_{n}(g;c)+h(\mu_{4}^{4}g(x_{n}+ch, x_{n-4},y_{n-4})+\mu_{3}^{4}g(x_{n}+ch, x_{n-3}, y_{n-3})$
$+\mu_{2}^{4}g(x_{n}+ch,x_{n-2},y_{n-2})+\mu_{1}^{4}g(x_{n}+ch,x_{n-1},y_{n-1})+\mu_{0}^{4}g(x_{n}+ch,x_{n},y_{n}))$
$B_{n}(c)$ $\mu_{i}^{m}$ A .
$\frac{m\mu_{0}^{m}\mu_{1}^{m}\mu_{2}^{m}\mu_{3}^{m}\mu_{4}^{m}--}{\ovalbox{\tt\small REJECT}_{4-49/28877/240-7/3073/720}^{2-1/81/6-1/24}-3160}$
$m$ $\mu_{0}^{m}$ $\mu_{1}^{m}$ $\mu_{2}^{m}$ $\mu_{3}^{m}$ $\mu_{4}^{m}$
3
Volterra ( LVIDE)




VIDE-RK (6) LVIDE(7) , $n+1$
$y_{n+1}=S( \delta)y_{n}-\eta\sum_{j=0}^{n}\alpha_{j}^{n}y_{n-j}$ , $(\delta=\lambda h, \eta=\mu h^{2})$
$S(\lambda h)=1+\lambda h\Gamma$ ODE-RK , $\alpha_{j}^{n}$
$\alpha_{j}^{n}=\{$
$\sum_{k=1}^{r}\Gamma_{k}a_{\mathrm{j}}(c_{k})+\Gamma w_{n-j}^{m}$ , $(0\leq j\leq p)$ ,
$\Gamma w_{n-j}^{m}$ , $(p<j\leq n)$ ,
$\Gamma=\sum_{k=1}^{r}\Gamma_{k},$ $\Gamma_{k}=\{$
$\mu_{k}+\lambda h\mu_{k+1}a_{k+1,k}+\sum_{\mathrm{j}=1}^{r-k}(\lambda h)^{j}\Gamma_{jk}$ , $(1\leq k\leq r-1)$
$\mu_{r}$ , $(k=r)$
$\Gamma_{jk}=\sum_{p_{j}=k+2}^{r}\mu_{\mathrm{p}_{\mathrm{j}}}(p\sum_{p_{\mathrm{J}-1}=k+2}^{j}\sum_{p_{j-2}=k+2}^{p_{\dot{s}-1}-1}\ldots\sum_{p_{2}=k+2}^{p\mathrm{s}-1}-1(\sum_{p_{1}=k+1}^{\mathrm{p}_{2}-1}(\prod_{\dot{l}=1}^{\mathrm{j}-1}a_{\mathrm{p}:+1,\mathrm{P}:)a_{\mathrm{p}_{1},k)}})$ ,
. LVIDE DE-RK ,
. $n$ 1 $y_{n+2}$ $y_{n+1}$
$q+2(q= \max(p, m))$ .
$y_{n+2}=(1+S( \delta))y_{n+1}-S(\delta)y_{n}-\eta\sum_{\mathrm{j}=0}^{q+1}\beta_{j}y_{n-j+1}$ (8)
$\beta_{j}=\{$
$\sum_{k=1,r}^{r}\Gamma_{k}a_{0}(c_{k})+\Gamma w_{0}^{m}$ , $(j=0)$
$\sum\Gamma_{k}(a_{j}(c_{k})-a_{j-1}(c_{k}))+\Gamma(w_{j}^{m}-w_{j-1}^{m})$ , $(1\leq j\leq p)$
$k=1$
$-a_{p}(c_{k})+\Gamma(w_{p+1}^{m}-w_{p}^{m})$ , $(j=p+1)$
$\Gamma(w_{j}^{m}-w_{j-1}^{m})$ , $(p+1<j\leq m)$
$\Gamma(1-w_{m}^{m})$ , $(j=m+1)$
.
$\rho(z)=(z-1)(z-S(\delta))z^{q}+\eta\psi(z)$, $( \psi(z)=\sum_{j=0}^{q+1}\beta_{j}z^{q-\mathrm{j}+1})$ (9)
, $\psi$ VIDE , $\psi$ VIDE-RK .
3.2 3.2
, .
1( ) LVIDE (7) $\lambda\in \mathbb{C},$ $\mu\in \mathbb{R}$ $S=\{(\lambda, \mu)\in \mathbb{C}\mathrm{x}\mathbb{R}\}$
. 1
1LVIDE (7) $S=\{(\lambda, \mu)\in \mathbb{C}\mathrm{x}\mathbb{R} : \Re\lambda<0, \mu>0\}$ $.[8]1$
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2( ) LVIDE (7) , $h$ VIDE-RK $y$,
$y_{n}-+0(narrow\otimes)$ $\lambda$ $\mu$ $\ovalbox{\tt\small REJECT}\lambda,$ $h^{2}\mu$) $arrow \mathbb{C}\cross \mathbb{R}$ VIDE-RK
. $\blacksquare$
2( ) $S\mathrm{o}\mathrm{D}\mathrm{F}_{\lrcorner}$ ODE-RK , VIDE-RK
$\psi$ $\psi(1)\neq 0$ , $\eta_{0}>0$ , $S_{\mathrm{O}\mathrm{D}\mathrm{E}}\mathrm{x}(0, \eta 0)\subset \mathbb{C}\mathrm{x}\mathbb{R}$ VIDE-RK
. 1
$(\delta, \eta)\in S\mathrm{o}\mathrm{D}\mathrm{E}^{\cross}(0, \eta 0)$ , $z\in U^{c}=\{z\in \mathbb{C}:|z|\geq 1\}\Rightarrow\rho(z)\neq 0$ . $\rho(1)=\eta\psi(1)\neq 0$
, $\rho$ , $\epsilon$- $V_{\epsilon}(1)=\{z\in \mathbb{C}:|1-z|<\epsilon\}$ $z\in V_{\epsilon}(1)\Rightarrow\rho(z)\neq 0$
. , $z\in U^{c}\backslash V_{\epsilon}(1)$ $\rho(z)\neq 0$ . , $U_{V}=\{w=z^{-1}\in \mathbb{C} : z\in U^{c}\backslash V_{e}(1)\}$ ,
$\hat{\rho}(w)=w^{q+2}\rho(w^{-1})$ , $w\in Uv$ $\hat{\rho}(w)\neq 0$ .
$\hat{\psi}(w)=w^{q+1}\psi(w^{-1})$ , $\hat{\rho}(w)$ $\hat{\rho}(w)=(1-w)(1-S(\delta)w)+\eta w\hat{\psi}(w)$ ,
$|\hat{\rho}(w)|\geq|(1-w)(1-S(\delta)w)|-\eta|w\hat{\psi}(w)|\geq|(1-w)(1-S(\delta)w)|-\eta|\hat{\psi}(w)|$
. $U_{V}$ , $|S(\delta)|<1$ ,
$w\in Uv$ $|(1-w)(1-S(\delta)w)|\geq\gamma,$ $(w\in U_{V})$ $\gamma>0$ ,
$| \hat{\rho}(w)|\geq\gamma-\eta|\hat{\psi}(w)|\geq\gamma-\eta\max_{w\in Uv}|\hat{\psi}(w)|$
. $\chi=\max_{w\in U_{V}}|\hat{\psi}(w)|$ , $\eta_{0}=\gamma/\chi$ , $w\in U_{V}$
$|\hat{\rho}(w)|\geq\gamma-\eta\chi>\gamma-\eta_{0}\chi=0$ , $(\eta\in(0,\eta_{0}))$
. I
1: VIDE Runge-Kutta 2: $(p, m)- 4$ VIDE-RK
3.3
VIDE-RK $\psi(z)$ .
1ae 1 $\text{ }$ VIDE-RK $: (Euler 2, $p=\phi,$ $m=0$) : $\psi(z)=-z\overline{2}+\overline{2}-$
2 2 VIDE-RK : (Heun , $p=1,m=0$) : $\psi(z)=(5+\delta)z^{2}-(\wedge\wedge 2-\delta)z\overline{2}\overline{4}+\overline{4}\wedge$
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2ff 2 $\text{ }$ VIDE-RK \yen : (Heun ae, $p=2,$ $m=2$ ) : $\psi(z)=\frac{64+9\delta}{48}z^{3}-\frac{40-19\delta}{48}z^{2}+\frac{32-\mathit{5}\delta}{48}z-\frac{8-\delta}{48}$
$3$ ffi 3 $\text{ }$ VIDE-RK ffi: (Ralston ffi, $p=2,$ $m=2$) : $\psi(z)=\beta_{0}z^{3}-\beta_{1}z^{2}+\beta_{2}z-\beta s$
$\beta_{0}=\frac{1}{288}(335+122\delta+18\delta^{2}),$ $\beta_{1}=\frac{1}{288}(117-18\delta-38\delta^{2}),$ $\beta_{2}=\frac{1}{288}(93+6\delta-10\delta^{2}),$ $\beta_{3}=\frac{1}{288}(23+2\delta-2\delta^{2})$





1 $|_{arrow}^{\vee}$. $\mathbb{C}\mathrm{x}\mathbb{R}$ $\mathbb{R}\mathrm{x}\mathbb{R}$ 1 1 VIDE-RK (Euler , $p=\phi,$ $m=0$), $2$ 2 VIDE-RK
(Heun , $p=2,$ $m=2$), $3$ 3 VIDE-RK (Ralston , $p=2,$ $m=2$), $4$ 4 VIDE-RK (
$\mathrm{R}\mathrm{K}$ , $p=2,$ $m=2$) .
$m$ $\mathrm{R}\mathrm{K}$ $(p, m)- 4$ VIDE-RK
, $\mathbb{C}\mathrm{x}\mathbb{R}$ $\mathbb{R}\mathrm{x}\mathbb{R}$ 2 .
$(1,2)$-4 DE-RK : $\psi(z)=\beta_{0}z^{3}+\beta_{1}z^{2}-\beta_{2}z+\beta_{3}$
$\{$
$\beta_{0}=\frac{1}{192}(3\delta^{3}+22\delta^{2}+76\delta+200)$ , $\beta_{1}=\frac{1}{576}$ ( $19\delta^{3}+$ $\delta^{2}+84\delta-24$ ),
$= \frac{1}{576}(5\delta^{3}+14\delta^{2}+36\delta+24)$ , $\beta_{3}=\frac{1}{576}(\delta^{3}+4\delta^{2}+12\delta+24)$ .
$(3,2)$-4 VIDE-RK : $\psi(z)=\beta_{0}z^{4}+\beta_{1}z^{3}-hz^{2}+\beta_{3}z+\beta_{4}$
$\{$
$\beta_{0}=\frac{1}{4608}(72\delta^{3}+58\mathit{5}\delta^{2}+2052\delta+5864)$ , $\beta_{1}=\frac{1}{1152}(38\delta^{3}+31\delta^{2}-28\delta-968)$,
$= \frac{1}{2304}(20\delta^{3}-67\delta^{2}-348\delta-2232)$ , $\beta_{3}=\frac{1}{1152}(2\delta^{3}-25\delta^{2}-108\delta-584)$,
$\beta_{4}=\frac{1}{4608}(25\delta^{2}+100\delta+488)$ .
$(1,4)$-4 VIDE-RK : $\psi(z)=\beta \mathrm{o}z^{5}+\beta_{1}z^{4}$ $z^{3}+\beta_{3}z^{2}+\beta_{4}z+\beta_{5}$
$\{$
$\beta_{0}=\frac{1}{6912}(95\delta^{3}+740\delta^{2}+2\mathit{5}80\delta+6888)$ , $\beta_{1}=\frac{1}{34560}(1427\delta^{3}+3548\delta^{2}+8484\delta+5448)$ ,
$\beta_{2}=\frac{1}{5760}(133\delta^{3}+472\delta^{2}+1356\delta+2232)$ , $\beta_{3}=\frac{1}{3456}(19\delta^{3}+76\delta^{2}+228\delta+456)$ ,
$\beta_{4}=\frac{1}{34560}(119\delta^{3}+476\delta^{2}+1428\delta+2856)$, $\beta_{5}=\frac{1}{1280}(\delta^{3}+4\delta^{2}+12\delta+24)$ .
$(2,4)$-4 VIDE-RK : $\psi(z)=\beta_{0}z^{5}+\beta_{1}z^{4}-\beta_{2}z^{3}+\beta \mathrm{a}z^{2}+\beta_{4}z+\beta_{5}$
$\{$
$\beta_{0}=\frac{1}{6912}(9\mathit{5}\delta^{3}+788\delta^{2}+2772\delta+7752)$ , $\beta_{1}=\frac{1}{34560}(1427\delta^{3}+2828\delta^{2}+\mathit{5}604\delta-7512)$ ,
$= \frac{1}{5760}(133\delta^{3}+352\delta^{2}+876\delta+72)$ , $\beta_{3}=\frac{1}{3456}(19\delta^{3}+52\delta^{2}+132\delta+24)$,
$\beta_{4}=\frac{1}{34660}(119\delta^{3}+476\delta^{2}+1428\delta+2856)$, $\beta_{5}=\frac{1}{1280}(\delta^{3}+4\delta^{2}+12\delta+24)$ .
$(3,4)$-4 VIDE-RK : $\psi(z)=\beta \mathrm{o}z^{5}+\beta_{1}z^{4}$ $z^{3}+\beta \mathrm{s}z^{2}+\beta_{4}z+\beta_{5}$
$\{$
$\beta_{0}=\frac{1}{13824}(190\delta^{3}+1651\delta^{2}+5844\delta+16968)$ , $\beta_{1}=\frac{1}{34560}(1427\delta^{3}+2078\delta^{2}+2604\delta-22152)$ ,
$\beta_{2}=\frac{1}{1152}\pi^{(266\delta^{3}+329\delta^{2}+252\delta-7176)}$ , $\beta_{3}=\frac{1}{3456}(19\delta^{3}-23\delta^{2}-168\delta-1440)$ ,





1 , Runge-Kutta , Ralston , Heun
$(r=2, p=1, m=0)$ , Euler .
$y’(x)=-x+( \lambda(x^{2}-1)+x)y(x)+\lambda^{2}\int_{0}^{x}xsy(s)ds$ , $y(0)=1$ , $(\lambda=1)$
$y=\exp(-\lambda x)$ . $x=2$ $y(2)=0.13533$ . .
. ratio $h$ $x_{N}=2$ $yN$
$h/2$ $x_{2N}=2$ $y_{2N}$ ,
rat.o $= \frac{|y(2)-y_{N}|}{|y(2)-y_{2N}|}$
. ratio , Euler
. , Euler . Euler $x=1$
ratio$=2$ . , Lubich 2 2 VIDE-RK
.
(2) $B(x)$ $p$ , $A(x)$
$m$ 4 VIDE-RK .
2 Ch $\mathrm{g}[6]$ 2
.
$y’(x)=1+ \sin(x)-y(x)+o\int_{0}^{e}\sin(x-s)y(s)ds,$ $y(0)=0$
1 Chang . $y=x$
. $x=1$ . Heun
Chang , Ralston Chang
. 3 Ralston
. .
4 4&VD-RK 3 3 $\Re$ RalstOn 2 2 $\hslash$ Heun 1 1 $\Re$ Euler

















$B(x)$ $p$ $A(x)$ $m$
4 VIDE-RK .
3 Feldstein [5] VIDE .
$y’(x)= \frac{5}{2}x-\frac{1}{2}\exp(x^{2})+\int_{0}^{x}xs\exp(y(s))ds,$ $y(0)=0$
$y=x^{2}$ . $x=2$
. , Lubich 2 2 VIDE $\mathrm{R}K$
.
$B(x)$ $p$ $A(x)$ $m$
4 DE-RK .
, $(p, m)- 4$ VIDE-RK 4
. .
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A:Newton-Cotes
$m=2t(t\in \mathrm{N})$ , $m$ ( $t$ ) . $m$ $n$ 3 ,
(i) $n=m,$ $(\mathrm{i}\mathrm{i})2m\geq n>m,$ $(\mathrm{i}\mathrm{i}\mathrm{i})n>2m$ .
$\mu_{k}^{m}$
$\mu_{k}^{m}=-d_{k}\sum_{j=1}^{t}\frac{b_{2j}}{(2j)!}\hat{G}_{k,2j-1}(0)$ , $(d_{0}=1,$ $d_{k}= \frac{(-1)^{k}}{k}(_{k}^{m}),$ $k=0,1,$ $\ldots,$ $m)$
. , $\hat{G}_{k,j}$ (0) $(k=0,1, \ldots, m)$ $\hat{G}_{k,0}(s)=1$ $j$
$\wedge$
$\mathrm{k},\mathrm{j}$
$(s)$ $=\hat{G}_{k.j-1}’(s)+\hat{g}_{k}(s)\hat{G}_{k.j-1}(s)$, $(\hat{g}_{k}(s)=$ $\sum_{p1,p\overline{\overline{\neq}}k}^{m}\frac{1}{s-p})$
.
$T_{n}^{m}(f)=h \sum_{k=0}^{n}w_{k}^{m}f(x_{k})$ , $(x_{\mathrm{k}}=x\mathrm{o}+kh,$ $h= \frac{x_{n}-x0}{n})$
, .
Al. $m=2t(t\in \mathrm{N})$ . , $f(x)(x\in(x\mathit{0}, x_{n}))$
$\int_{x_{0}}^{x_{n}}f(x)dx-T_{n}^{m}(f)=h^{m+2}E_{m}(f)+h^{m+2}H_{m}(f)+O(h^{m+3})$




$b_{j}$ $j$ Bernoulli . $\xi 0,$ $\xi_{\hslash}$ $(x\mathit{0}, x_{n})$ . 1
$T_{n}^{m}(f)$ $O(h^{m+2})$ . $T_{n}^{m}$
, $n$ , .
$n$ , $T_{n}^{m}(f)$ .
$\mathrm{g}$ A2. $m=2t(t\in \mathrm{N})$ . $n$ $T_{n}^{m}$ .
$||T_{n}^{m}|| \leq(x_{n}-x_{0})(1+\frac{2^{m+1}}{n}\Lambda_{t}(||B_{m}||-\frac{3}{2}))$
$||B_{m}||=. \cdot\sum_{=0}^{m}|b:|,$ $\Lambda_{t}=\max_{0\leq h\leq l}(_{1\leq J\leq t}\mathrm{m}\mathrm{x}\frac{|\hat{G}_{k,2j-1}(0)|}{(2j)!})$ . 1
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